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In this paper, we propose a new test to the cosmic distance duality relation (CDDR), DL =
DA(1+z)
2, where DL and DA are the luminosity and angular diameter distances, respectively. The
data used correspond to 61 Type Ia Supernova luminosity distances and YSZE − YX measurements
of 61 galaxy clusters obtained by the Planck mission and the deep XMM-Newton X-ray data,
where YSZE is the integrated comptonization parameter obtained via Sunyaev-Zel’dovich effect
observations and YX is the X-ray counterpart. More precisely, we use the YSZED
2
A/CXSZEYX
scaling-relation and a deformed CDDR, such as DL/DA(1+z)
2 = η(z), to verify if η(z) is compatible
with the unity. Two η(z) functions are used, namely, η(z) = 1 + η0z and η(z) = 1 + η0z/(1 + z).
We obtain that the CDDR validity (η0 = 0) is verified within ≈ 1.5σ c.l. for both η(z) functions.
PACS numbers: 98.80.-k, 95.36.+x, 98.80.Es
I. INTRODUCTION
The concept of distance in cosmology is of fundamental
importance when one wants to relate observational data
with theoretical models. In particular, two types of dis-
tance are of great importance in observational cosmology,
namely, the luminosity distance, DL, and the angular di-
ameter distance,DA. The first is a distance measurement
of an object with basis on the decrease of its brightness
with the distance and the second one is related with the
measure of the angular size of the object projected on the
celestial sphere. Both distances depend on the redshift z
of the object studied and they are related by:
DL(z)
DA(z)(1 + z)2
= 1. (1)
This result is known as cosmic distance duality relation
(CDDR), which is a version of Etheringtons reciprocity
law in the context of astronomical observations [1]. Such
relation is easily obtained in a Friedmann-Robertson-
Walker (FRW) background, nevertheless it is completely
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general, valid for all cosmological models based on Rie-
mannian geometry, requiring solely observer and source
be connected just by null geodesics and that the num-
ber of photons is conserved over the cosmic evolution [2].
Such generality places this relationship as being of funda-
mental importance in observational cosmology and any
deviation from it may indicate the possibility of a new
physics or the presence of systematic errors in observa-
tions [3].
Along with unprecedented increase in number and
quality of astronomical data, different methods have been
proposed in order to test the validity of the CDDR. One
may roughly divide them in two classes, cosmological
model-dependent tests [4–10], usually performed within
the ΛCDM model, and cosmological model-independent
ones. The observations of type Ia Supernovae (SNe Ia),
cosmic background radiation (CMB), baryon acoustic os-
cillations (BAO), galaxy cluster gas mass fraction, an-
gular diameter distance of galaxy clusters, strong grav-
itational lensing, compact radio sources and H(z) data
jointly with the parametrization DL(z)DA(z)(1+z)2 = η(z) have
been explored in literature in order to perform cosmo-
logical model-independent tests [11–33]. The most used
η(z) functions have been:
• (i) η(z) = 1 + η0z
• (ii) η(z) = 1 + η0
z
(1+z) .
The first one is a continuous and smooth one-parameter
2linear expansion, whereas the second one includes a pos-
sible epoch-dependent correction, which avoids the diver-
gence at very high redshifts. These two parametrizations
recover the standard case for η0 = 0 [8, 24].
As commented earlier, several authors have proposed
different approaches to test the CDDR validity by us-
ing galaxy clusters observations. For instance, Ref.[11]
used angular diameter distance samples of galaxy clusters
obtained via their Sunyaev-Zel’dovich effect (SZE) and
X-ray observations jointly with luminosity distances of
SNe Ia and proposed a cosmological model-independent
test for the CDDR. As result, it was showed that the
isothermal ellipsoidal model is a better geometrical hy-
pothesis describing the structure of galaxy clusters com-
pared with the spherical model if CDDR is valid (see
also Ref.[12, 13]). The Ref.[14] showed that the gas mass
fraction of galaxy clusters obtained from their X-ray ob-
servations also depends on the CDDR validity and pro-
posed a test involving this kind of measurement and SNe
Ia observations (see also Ref.[15]). In order to avoid two
different types of astronomical observations, the Ref.[16]
proposed a test that uses exclusively gas mass fraction
measurements of galaxy clusters obtained via SZE and X-
ray observations. Applying gaussian process, the Ref.[17]
proposed a test based on galaxy clusters observations and
H(z) measurements (see also [18]). Up to now no signif-
icant departure from the CDDR validity was verified (a
table with recent estimates from different methods and
observations can be found in Ref.[19]), however, the point
number in galaxy cluster samples used are lower than 40
points and the limits on η0 arising from such observations
are not so restrictive. Then, new methods with differ-
ent astronomical observations and redshift range are still
welcome to validate the whole cosmological framework as
well as to search systematic errors in astronomical data.
In this paper, we propose a new test to the CDDR
by using galaxy cluster SZE scaling-relation and SNe
Ia observations. Scaling-relations in galaxy clusters
result from the hierarchical structure formation the-
ory when gravity is the dominant process [34]. Par-
ticularly, we consider the following scaling-relation1:
YSZED
2
A/CXZSYX = C, where YSZED
2
A is the inte-
grated comptonization parameter of a galaxy cluster ob-
tained via SZE observations multiplied by its angular di-
ameter distance, YX is the X-ray counterpart and CXSZE
is a constant, with C an arbitrary constant [34, 35]. In a
very recent paper, the authors of the Ref.[36] derived a
new expression for this ratio when there is a possible de-
parture from the CDDR validity and/or a variation of the
1 As commented earlier, the Ref.[11] used angular diameter dis-
tance samples of galaxy clusters obtained via their Sunyaev-
Zel’dovich effect (SZE) and X-ray observations to test the
CDDR. However, in that case, the DA for each galaxy cluster
is observationally known. In our work, the constant C is not
observational and the DA quantity for each cluster can not be
directly obtained.
fine structure constant α, with YSZED
2
A/CXSZEYX =
Cα3.5η−1(z), where η(z) = DL/DA(1 + z)
2. On the
other hand, if one considers the class of theories with
a non minimal multiplicative coupling between the usual
electromagnetic part of matter fields and a new scalar
field it is possible to obtain α(z) ∝ η(z)2 (these theo-
ries explicitly break the Einstein equivalence principle in
the electromagnetic sector, see next section for details).
Thus, one may show that YSZED
2
A/CXSZEYX = Cη
6(z).
In this way, by using YSZE − YX measurements of 61
galaxy clusters taken from the Ref.[37], 61 SNe Ia lu-
minosity distances taken from the Ref.[39] in the galaxy
cluster redshifts and the relation DL(z)DA(z)(1+z)2 = η(z), we
put limits on the η0 parameter for the most used η(z)
functions, as (i) and (ii). For both η(z) functions is ob-
tained η0 = 0 within 1.5σ c.l..
The paper is organized as follows. In Section 2 we
present the methodology, Section 3 contains the data
used in our analyses. Section 4 presents the analyses
and results, and the conclusions are given in Section 5.
II. METHODOLOGY
In order to obtain the key relation used in our test, let
us discuss briefly the method presented in the Ref.[36].
The scaling-relations in galaxy clusters rise from the
simplest model for formation of structures, when gravity
is the dominant process. In this scenario, simple scaling-
relations between basic galaxy cluster properties and the
total mass are predicted by self-similar models (details
can be found in the Ref.[34]). In our work, we are inter-
ested in the scaling-relation involving the SZE and X-ray
surface brightness [40, 41] YSZED
2
A/CXZSYX = C.
The SZE is a distortion caused in the CMB spectrum
and is proportional to the Compton parameter y, which
quantifies the gas pressure of the intracluster medium
integrated along the line of sight [40–42]. By integrating
it over the solid angle of a galaxy cluster (dΩ = dA/D2A),
it is possible to obtain the integrated Compton parameter
YSZE , such as:
YSZE ≡
∫
Ω
ydΩ, (2)
or, equivalently,
YSZED
2
A ≡
σT
mec2
∫
PdV, (3)
where P = neKBT is the integrated thermal pressure
of the intracluster gas along the line of sight. Then, as
commented in the Ref.[35], one may see that YSZED
2
A has
a dependency on the fine structure constant, α, through
the Thompson cross section as:
YSZED
2
A ∝ α
2. (4)
On the other hand, the YX parameter, obtained
through X-ray surface brightness observations, is defined
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FIG. 1: The Figures (a) and (b) show the YSZE/CXSZEYX and SNe Ia data used in our analyses, respectively.
as:
YX =Mg(R)TX , (5)
where TX is the spectroscopically determined X-ray tem-
perature and Mg(R) = µemp
∫
nedV is the gas mass
within the radius R, in this expression mp stands for
the proton mass and µe corresponds to the mean molec-
ular weight of electrons. The key quantity here isMg(R),
which can be written in terms of the fine structure con-
stant and the CDDR as (see e.g. [35, 36] for details):
Mg(< R) ∝ α(z)
−3/2DLD
3/2
A . (6)
Thus, if one considers any departure from the CDDR,
for instance, DL/(1 + z)
2DA = η(z), Mg(R) and, conse-
quently, YX , will depend on α(z) and η(z) as:
YX ∝Mg(< R) ∝ α(z)
−3/2η(z). (7)
As commented earlier, the authors of Refs.[43–45] con-
sidered a wide class of theories of gravity that explicitly
breaks the Einstein equivalence principle in the electro-
magnetic sector. They consider models which implement
the break of the equivalence principle by introducing an
additional term into the action, coupling the usual mat-
ter fields to a new scalar field, which is motivated by
scalar-tensor theories of gravity. In this context, the en-
tire electromagnetic sector is affected and α(z) and η(z)
are intimately and unequivocally linked by (see also [46–
50]):
∆α
α
(z) ≡
α(z)− α0
α0
= η(z)2 − 1. (8)
Then, the equations (5) and (8) depend on η(z) as:
YSZED
2
A(z) ∝ η(z)
4 (9)
YX ∝ η(z)
−2. (10)
Our method is based on the YSZED
2
A/CXSZEYX = C
scaling-relation2. As it is largely known, YSZE and YX
are approximations of the thermal energy of the clus-
ter. This ratio is expected to be constant with redshift
since YSZED
2 and YX are expected to scale in the same
way with mass and redshift as power-laws [51–56]. More-
over, if galaxy clusters are isothermal this ratio would be
exactly equal to unity, or constant with redshift if the
galaxy clusters have a universal temperature profile. Ac-
tually, numerical simulations have shown that this ratio
has small scatter, at the level of ≈ 15% [52–54]. Then,
as one may see, this ratio may be written as:
YSZED
2
A
CXSZEYX
= Cη(z)6. (11)
In this point, it is worth to stress that the YX quantity
is proportional toMg, which depends on the galaxy clus-
ter distance such as: Mg ∝ DLD
3/2
A . Usually, this mea-
surement is obtained by using a fidutial (F ) flat ΛCDM
model with ΩM = 0.3 and H0 = 70 km/s/Mpc, and
the CDDR validity, resulting in: Mg ∝ D
5/2
AF . Then, in
order to eliminate the dependence of Mg with respect
to the fidutial model, we multiply the YX quantity by
D
5/2
A /D
5/2
AF and the Eq.(11) becomes:
YSZED
5/2
AF
D
1/2
A CXSZEYX
= Cη(z)6. (12)
Finally, to perform our test and to impose limits on η(z)
functions it is necessary to knowDA for each galaxy clus-
ter in the sample. This quantity is obtained by using SNe
Ia luminosity distances with identical redshifts to those
of the clusters and considering a deformed CDDR, such
as DA = η(z)
−1(1 + z)−2DL. Then, one may obtain:
2 In this expression: CXSZE =
σT
mec2
1
µemp
≈ 1.416.10−19 Mpc
2
M⊙keV
.
4YSZED
5/2
AF (1 + z)
D
1/2
L CXSZEYX
= Cη(z)5.5. (13)
This is our key equation. Since one knows the luminos-
ity distances of galaxy clusters from a sample with their
YSZE −YX quantities measured, it is possible to use this
expression to impose limits on the η(z) functions. We ob-
tain limits on the η0 parameter for the two η(z) functions,
namely (i) and (ii). We also put limits on the constant C
in order to obtain some information about the thermal
energy of the cluster.
III. SAMPLES
Our CDDR test is performed by using the following
samples:
• Galaxy clusters: we use YSZE − YX measurements
of 61 galaxy clusters obtained from the first Planck
mission all-sky data set jointly with deep XMM-
Newton archive observations (see Fig.1a). The
galaxy clusters were detected at high signal-to-
noise within the following redshift interval and
mass, respectively: 0.044 ≤ z ≤ 0.444 and
2x1014M⊙ ≤M500 ≤ 2x10
15M⊙, whereM500 is the
total mass corresponding to a total density contrast
of 500ρc(z), where ρc(z) is the critical density of
the Universe at the cluster redshift. Actually, the
quantities YX and YSZE were determined within
the R500 (at which the mean enclosed mass density
is equal to 500 cosmological critical density). In or-
der to estimate the YSZE − YX measurements of a
galaxy cluster, one needs to add some complemen-
tary assumptions about their physical properties.
Many studies about the intracluster gas and dark
matter distribution in galaxy clusters have been
performed [38, 57, 58]. Assigning a single temper-
ature to the whole cluster is a gross approximation
[59]. The importance of the intrinsic geometry of
the cluster, for instance, has been emphasized by
many authors [60–62], in particular, non-sphericity
results in bias in mass estimates. Then, it is im-
portant to stress that a violation of CDDR in this
type of analysis would not necessarily indicate new
fundamental physics but more likely would point to
the failure of cluster models/assumptions and need
for better modeling.
The thermal pressure (P ) of the intracluster
medium for each galaxy cluster used in our anal-
yses was modeled by the Ref.[37] via the universal
pressure profile discussed in the Ref.[38]. This uni-
versal profile was obtained by comparing observa-
tional data (a representative sample of nearby clus-
ters covering the mass range 1014M⊙ < M500 <
1015M⊙) with simulated data. The TX quantity
was measured in the [0.15 − 0.75]R500 region. By
using DA calculated from the Planck mission flat
ΛCDM framework, the Ref.[37] showed that the
YSZED
2
A
CXSZEYX
ratio for the galaxy clusters considered
in this work has very small scatter, at the level of
≈ 15%. Moreover, it was also verified that this
scaling-relation does not seem to depend crucially
on the dynamical state of the clusters.
• SNe Ia: we use a sub-sample of the latest and
largest Pantheon Type Ia supernovae sample in or-
der to obtain DL of the galaxy clusters. The Pan-
theon SNe Ia compilation consist of 1049 spectro-
scopically confirmed SNe Ia covering the redshift
range 0.01 ≤ z ≤ 2.3 [39]. To perform our test,
we need to use SNe Ia and galaxy clusters in the
identical redshifts. Thus, for each galaxy cluster,
we select SNe Ia with redshifts obeying the criteria
|zGC − zSNe| ≤ 0.005 and calculate the following
weighted average for the SNe Ia data:
µ¯ =
∑
(µi/σ2µi)∑
1/σ2µi
, σ2µ¯ =
1∑
1/σ2µi
. (14)
We ended with 61 measurements of µ¯ and σ2µ¯. The
luminosity distance for each galaxy cluster is obtained
through DL(z) = 10
(µ¯(z)−25)/5 and σ2DL =
(
∂DL
∂µ¯
)2
σ2µ¯ is
the associated error over DL (see Fig.1b).
IV. ANALYSES AND RESULTS
We evaluate our statistical analysis by defining the like-
lihood distribution function, L ∝ e−χ
2/2,
χ2 =
61∑
i=1
[
Cη(z)5.5 −
D
5/2
AF YSZE(1+z)
CXSZEYXD
1/2
L
]2
σ2i,obs
, (15)
where σi,obs stands for the statistical errors of YSZE , YX
and DL. We added in quadrature to statistical error
of the YSZECXSZEYX quantity a 15% error attributed to an
additional intrinsic scatter in order to obtain the χ2red ≈
1. Two cases are considered for η(z), namely: (i) η(z) =
1 + η0z and (ii) η(z) = 1 + η0z/(1 + z).
Our results are plotted in Fig.(2). The Figures (2a)
and (2b) show the 1σ, 2σ and 3σ c.l. regions on the
(C, η0) plane for each η(z) function. From the Fig.(2a),
we obtain at 1σ, 2σ and 3σ c.l. (two free parameters):
η0 = 0.05 ± 0.055 ± 0.10 ± 0.16 and C = 0.86 ± 0.07 ±
0.13 ± 0.17 with χ2 = 66.12. From the Fig.(2b), we ob-
tain at 1σ, 2σ and 3σ c.l. (two free parameters): η0 =
0.09±0.09±0.16±0.25 and C = 0.85±0.08±0.14±0.18
with χ2 = 65.17. As one may see, our estimates on the
C parameter are only marginally in agreement with an
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FIG. 2: The Figures (a) and (b) show the 1σ, 2σ and 3σ c.l. regions on the (C, η0) plane for each η(z) function. The Fig. (c)
shows the likelihood for η0 (by marginalizing on C).
TABLE I: A summary of the current constraints on the η0 parameter from different methods by using galaxy cluster observations
and the (i) and (ii) η(z) functions. The ADD and GMF correspond to angular diameter distance and gas mass fraction,
respectively. The * and ** symbols correspond to results with 1σ and 2σ c.l., respectively.
Reference Data Sample (i) function (ii) function
Holanda et al. (2010)** ADD + SNe Ia −0.28+0.44−0.44 −0.43
+0.60
−0.60
Xiang et al. (2011)* ADD + SNe Ia −0.15+0.17−0.17 −0.23
+0.24
−0.24
Puxun et al. (2011)* ADD + SNe Ia −0.07+0.19−0.19 −0.11
+0.26
−0.26
Gonc¸alves et al. (2012) GMF + SNe Ia −0.03+1.03−0.65 −0.08
+2.28
−1.22
Holanda et al. (2012) GMF −0.06± 0.16 −0.07± 0.24
Liang et al. (2013)** ADD + SNe Ia −0.232 ± 0.232 −0.351± 0.368
Yang et al. (2013) ADD + SNe Ia 0.16+0.56−0.39 -
S.-da-Costa et al. (2015) ADD + H(z) −0.100+0.117−0.126 −0.157
+0.179
−0.192
S.-da-Costa et al. (2015) GMF + H(z) 0.062+0.168−0.146 −0.166
+0.337
−0.278
Chen et al. (2015) ADD + SNe Ia + H(z) 0.07± 0.08 0.15 ± 0.18
Holanda & Pereira (2016)* ADD + SNe Ia + H(z) 0.07 ± 0.106 0.097 ± 0.152
This paper** YSZE − YX + SNe Ia η0 = 0.05 ± 0.07 0.09 ± 0.16
isothermal assumption for the galaxy clusters, which cor-
respond to C = 1. Moreover, the η0 = 0 value is allowed
within 1σ c.l..
Fig.(2c) shows the likelihood for η0 (by marginalizing
on C). We obtain for the (i) and (ii) η(z) functions,
respectively, at 1σ and 2σ c.l.: η0 = 0.05 ± 0.04 ± 0.07
(blue line) and η0 = 0.09± 0.06± 0.013 (red line). Then,
the CDDR validity (η0 = 0) is obtained within 1.5σ,
which indicates no tension between the data if the CDDR
is taken as valid.
Some clusters exhibit the so-called cool cores, central
regions of very dense gas where the cooling time is less
than the Hubble time. By checking the Table I in the
Ref.[37] we find that 22 and 39 galaxy clusters, respec-
tively, are cool and non-cool cores. Then, we also per-
form our analyses by using these two sub-groups sepa-
rately. Naturally, the error bars from the new results are
larger than those by using the complete sample. From
the cool core sub-sample, we obtain for (i) and (ii) η(z)
functions, respectively: η0 = 0.045 ± 0.070 ± 0.095 and
η0 = 0.08± 0.10± 0.15 at 1σ and 2σ c.l.. From the non-
cool core sub-sample, we obtain for linear and non-linear
η(z) functions, respectively: η0 = 0.065 ± 0.070 ± 0.10
and η0 = 0.09±0.011±0.13. Then, the results are in full
agreement each other and the CDDR validity is verified.
V. CONCLUSIONS
In this work, we presented a cosmological model-
independent test to the cosmic distance duality rela-
tion (CDDR) by using galaxy cluster Sunyaev-Zel’dovich
scaling-relation data jointly with SNe Ia observations.
The galaxy cluster sample consisted of 61 YSZE − YX
measurements obtained from the first Planck all-sky data
set jointly with deep XMM-Newton archive observations
within the redshift interval 0.044 ≤ z ≤ 0.444. By us-
ing a deformed CDDR such as DL/DA(1 + z)
2 = η(z),
we showed that it is possible to test the CDDR with the
galaxy cluster Sunyaev-Zel’dovich effect scaling-relation
and SNe Ia via the equation
YSZED
5/2
AF (1+z)
D
1/2
L CXSZEYX
= Cη(z)5.5.
The luminosity distance for each galaxy cluster was ob-
tained by using a sub-sample of the latest and largest
Pantheon SNe Ia sample.
For η(z) we used two functions widely considered in
the literature, namely, η(z) = 1 + η0z and η(z) = 1 +
η0z/(1+z) and put observational limits on η0. Moreover,
limits on the constant C were also performed. For both
η(z) functions it was obtained that η0 = 0 is verified
within 1.5σ c.l. (marginalizing on C). On the other
hand, C = 1 is only marginally compatible with the data,
6indicating a departure from an isothermal assumption
for the temperature profile of the galaxy clusters used
in our analysis. Since some clusters exhibit cool or non-
cool cores, we also performed our analyses by using these
two sub-groups separately and the results obtained for
η0 are in full agreement each other without evidence for
a CDDR violation. Then, our results did not depend
on the dynamical state of the clusters at current level of
accuracy.
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